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Nondipole effects in interference patterns of a two-electron wave

Hao Liang ,1 Sven Grundmann ,2 Yong-Kang Fang ,1 Lei Geng ,1 Qihuang Gong,1,3,4,5 and Liang-You Peng 1,3,4,5,*

1State Key Laboratory for Mesoscopic Physics and Frontiers Science Center for Nano-optoelectronics,
School of Physics, Peking University, 100871 Beijing, China

2Institut für Kernphysik, Goethe-Universität, Max-von-Laue-Strasse 1, D-60438 Frankfurt, Germany
3Collaborative Innovation Center of Quantum Matter, Beijing 100871, China

4Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China
5Beijing Academy of Quantum Information Sciences, Beijing 100193, China

(Received 1 February 2021; revised 28 April 2021; accepted 30 July 2021; published 18 August 2021)

When the photoionization is described beyond the dipole approximation, the electron in atoms and molecules
will experience a spatially dependent light phase. As demonstrated in a recent experiment on one-photon double
ionization of H2 [S. Grundmann et al., Science 370, 339 (2020)], the resulting phase difference modifies the
electron interference pattern. By solving the full-dimensional time-dependent Schrödinger equation beyond the
dipole approximation, the present work provides corresponding ab initio calculations that have been missing
so far, to the best of our knowledge. Due to the two-electron nature of this process, one may wonder about the
roles played by the electron-electron correlation in the shifting of the interference fringes. Indeed, we show that
the modification of the interference pattern occurs at the two-electron level, which is independent of the energy
partition between the two electrons. Our numerical results agree excellently with the prediction of a simple
model, in which the entangled electron pair is launched by light with a spatially dependent phase.
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As the simplest diatomic homonuclear molecule, the hy-
drogen molecule (H2) provides a natural setup for a double-slit
interference experiment [1]. Electrons emitted from the two
nuclei carry phases with a difference of pe · R, which leads
to the oscillating behavior in the electron angular distribution
[2–4]. Here, pe is the momentum vector of the electron and
R is the internuclear vector. In most experiments, double
ionization is used for the analysis: Both protons are measured
in coincidence with the electrons to determine direction and
magnitude of R. Past investigations found that the collective
electron phase (pe1 + pe2) · R plays an important role in the
double-slit interference [5–7], instead of the single-electron
phase pe · R. Recently, Waitz et al. [8] showed that it is also
possible to retrieve R and observe double-slit interference for
the dissociative single ionization channel.

In 2020, an experiment [9] on double ionization of H2 by
a single, circularly polarized photon of 800 eV energy con-
firmed the expectation of an extra phase shift of −kγ · R to the
interference pattern of molecular photoionization [10], where
kγ is the wave vector of the light field. This phase shift directly
connects to the travel time �τ of the light passing through the
molecule. Note that the bound state phase Ip�τ was neglected
in Ref. [9] due to its negligible effects in physical observables,
which of course should be included when one considers the
equivalence between these two physical pictures.

In the experiment, the phase difference has been extracted
by measuring the shift of the interference maximum of the
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single electron angular distribution while only the extreme en-
ergy partition (E1/(E1 + E2) > 96%) was taken into account
in the analysis. So far, the implications of electron-electron
correlation on this intriguing effect remain unexplored.

We address this issue in the present work by numerically
solving the full-dimensional two-electron time-dependent
Schrödinger equation (TDSE) of H2 with the inclusion of the
leading order nondipole terms in the interaction Hamiltonian,
which is given in the Poincaré gauge by

Hint =
∑
i=1,2

ri · E(t ) − k̂γ · ri

2c
ri · Ė(t ) + [k̂γ × E(t )]

2c
· li,

(1)

where E(t ) is the electric field at the origin of the coordi-
nates, ri and li represents the position and angular momentum
operator of the i-th electron, respectively. Atomic units are
used throughout the paper unless specified otherwise. With
the internuclear distance R fixed at Re = 1.4 a.u., we expand
the electronic wave function in prolate spheroidal coordinates
(ξ, η, φ) with a production basis of the finite element discrete
variable representation [11] and spherical harmonics. After
discretization, one can search for the ground state |0〉 of the
field free Hamiltonian H0 of H2 with the restarted Lanczos
scheme and then propagate (i∂t − H0) |ψ〉 = Hint |0〉 in time
with the short-time Arnoldi propagator [12]. Specific forms of
each term in the Hamiltonian can be found in Refs. [13] and
[14]. It is worth to mention that, unlike the atomic case [15],
the last term in Eq. (1), i.e., the magnetic dipole term, does
not vanish and should be included in the computation, since
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FIG. 1. Single ionization of H2 by one 800 eV circularly polar-
ized photon. (a), (c) Electron angular distribution in the molecular
frame of reference as a function of cos β where the remaining bound
electron stays in the 2sσg (a) or 2pσu (c) state. (b) Position of zeroth
order interference maximum cos αm as a function of cos β for data
shown in (a). (d) Position of zeroth order interference minimum
cos αm as a function of cos β for data shown in (c). The solid blue
lines in (b) and (d) represent results from TDSE calculation, and the
dashed red lines are the model prediction cos αm = kγ cos β/pe. The
inset in (b) shows the configuration of molecular axis, wave vector,
and polarization of light, and the electron emission direction.

the total angular momentum is not a good quantum number
for a molecule without the central symmetry.

To simulate the experiment, we apply a 10-cycle circu-
lar polarization pulse with the cos2 envelope at the center
frequency of ω = 800 eV ≈ 29.4 a.u. to ionize the molecule.
After another 2-cycle’s field-free propagation at the end of the
pulse, the wave function is projected into the production of
the single-electron continuum of the diatomic molecule. The
inset of Fig. 1(b) shows the configuration of the molecular
axis, the electron emission direction, the light wave vector,
and the polarization of the light. α and β denote the polar
angles of the electron emission direction and the light wave
vector, both with respect to the molecular axis. We set the
time step �t = 0.005 a.u., the radius of simulation volume
ξmaxRe/2 ≈ 60 a.u., and the average grid spacing �ξRe/2 ≈
0.3 a.u. The maximum index of spherical harmonics is chosen
to be lmax = 11 and mmax = 3. The numerical convergence has
been guaranteed for all the numerical parameters.

Let us first discuss the single ionization channel. The final
wave function is projected onto the direct production of bound
states of H+

2 and the continuum state of half charged H+
2

for the consideration of the screening effect. The calculated
one-photon single ionization cross-sections for the dominant
three channels are σ (1sσg) = 62.2 barn, σ (2sσg) = 2.5 barn
and σ (2pσu) = 1.2 barn. Cross sections for all other single
ionization channels are less than 1 barn and thus can be ne-
glected. We choose 2sσg and 2pσu states for the analysis since
they are two lowest dissociative electronic states. Figure 1(a)

shows the electron angular distribution as function of cos β

for the 2sσg channel. The two-center interference is clearly
visible as the electron yield is proportional to cos(peR cos α).
However, as the angle between kγ and R changes, the interfer-
ence maximum will also shift leftward or rightward because
of the spatially dependent light phase. Accordingly, the elec-
tron yield is proportional to cos(peR cos α − kγ R cos β ) and
one can conclude that the zeroth order interference maximum
should shift to

cos αm = kγ

pe
cos β. (2)

In Fig. 1(b), we plot cos αm as a function of cos β and compare
it with the simple prediction of Eq. (2). One finds that there is
a nearly perfect agreement between the results of this simple
model and our ab initio calculations. The small discrepancies
(including the tiny oscillation of the TDSE results) are tol-
erable, if one considers the simplification of the model and
the fact that only the first-order nondipole terms are taken
into account in the calculations. In Fig. 1(c), a phase shift
of π is apparent for the 2pσu channel (relative to the 2sσg

channel), which was also observed in recent experiments [8].
The reason is that the wave function of the 2pσu state has
the form of |left〉 − |right〉, which has a phase difference of
π between the two nuclei. In this case, we take the zeroth
order interference minimum and plot it in Fig. 1(d). Again, a
nearly perfect agreement can be seen between the results of
the model and the calculations.

Now, let us consider the double ionization channel. Here,
the electron momentum distribution is evaluated by projecting
the final wave function onto the direct product of continuum
states of H+

2 . The total cross-section for one-photon double
ionization is 0.75 barn. In Fig. 2(a), we present the calculated
energy partition differential cross section dσ/dr between the
two electrons. Due to the exchange symmetry, we only plot the
region of the energy partition rate r ≡ E1/(E1 + E2) > 0.5.
For the considered photon energy of 800 eV, most of the
ionization events happen through the shake-off mechanism
where one electron takes most of the available kinetic energy
[16]. In order to compare our calculations to the experimental
results in Ref. [9], we integrate over the slow electron by

Psingle(cos α1) ≡
∫

Pjoint(cos α1, cos α2) d cos α2. (3)

In Fig. 2(b), we show the angular distribution of the fast
electron with r > 96% as indicated by the shadow area in
Fig. 2(a). The fringes are tilted like in Fig. 1(a) but the vis-
ibility is considerably worse. In Fig. 2(c), we plot cos αm as
a function of cos β for three different energy partition rates
r = 99%, 97%, 96%, and compare them with the prediction
of Eq. (2) and the experimental results from Ref. [9]. Here,
the agreement between the model prediction and the numer-
ical results is only fair since the slopes for the latter are
larger and sensitively dependent on the energy partition rate
r. In Ref. [9], the larger slope of the experimental results
(r > 96%) compared to the model prediction could not be
explained. Our finding that the slope depends on the energy
partition rate might resolve this issue, but the large error bars
still make it hard to draw a definite conclusion.
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FIG. 2. Double ionization of H2 by one 800 eV circularly po-
larized photon. (a) Energy partition differential cross section after
averaging over the angle β between light wave vector kγ and molec-
ular axis R. The shaded area indicates where the energy partition rate
r is larger than 96%, which has been used for analysis in Ref. [9].
(b) Same as Fig. 1 (a), but for double ionization where the fast
electron carries more than 96% of the kinetic energy. (c) Same as
Fig. 1 (b), but for double ionization. The three solid lines (blue,
yellow, and green) present TDSE results with energy partition rates
of 99%, 97% and 96%, respectively. The dashed red line shows
the model prediction cos αm = kγ cos β/pe, where pe = √

2(ω − Ip)
(approximating that one electron takes the whole kinetic energy). The
black dots with error bars show the experimental results from Ref. [9]
for comparison.

Next, we further investigate the effect of electron corre-
lation. In Fig. 3(a), we plot the joint angular distribution
Pjoint(cos α1, cos α2) at r = 99% and cos β = 0. There is a
clear correlation between the emission angles of the two elec-
trons. In fact, the tilted fringes follow the relationship �e ≡
pe1R cos α1 + pe2R cos α2 = Const. Similar phenomena for
one-photon double ionization of H2 were observed previously
in the near-equal energy sharing region with a photon energy
of 400 eV [7]. It indicates that these two electrons can be
regarded as an entangled pair emitted from the same nucleus,
no matter whether r ≈ 0.5 or r ≈ 1. The reason why this
correlation is visible to the naked eye even at the extreme
energy partition rate in Fig. 3(a) is because that the electron
momentum is proportional to the square root of the kinetic
energy. For example, the slope is pe2/pe1 = √

E2/E1 ≈ 0.1 at
r = 99%, which is by far not an ignorable quantity.

As the interference fringes are dependent on the emission
direction of the slow electron, one can conclude that the fringe
visibility will be largely suppressed if one only integrates over
the slow electron, as done so in Fig. 2 and Ref. [9]. For
a quantitative study, we define the fringe visibility as V ≡
(Ymax − Ymin)/(Ymax + Ymin), where Ymax is the yield of the ze-
roth order interference maximum, and Ymin is the average yield
of the −1 and +1 order minimum. In Fig. 3(c), the two lines
near the bottom show the dependence of the fringe visibility
on energy partition rate r at β = 0 and π , respectively. One

FIG. 3. (a) Joint angular distribution with r = 99% for per-
pendicular orientation of light wave vector and molecular axis
(β = π/2). The yellow line indicates pe1 cos α1 + pe2 cos α2 = 0.
(b) Pcollect(�e) as function of cos β for r = 99% (see text for def-
inition). (c) Fringe visibilities, from top to bottom: β = π/2 for
Pcollect(�e), β = 0 for Pcollect(�e), β = π/2 for Psingle(cos α1), β = 0
for Psingle(cos α1). (d) Position of zeroth order interference maximum
�m as a function of cos β. The three solid lines with (blue, yellow,
and green) present TDSE results with energy partition rates of 99%,
90% and 80%, respectively. The dashed red line represents the simple
model �m = kγ R cos β. (e) Experimental results for comparison to
(b). Unlike Ref. [9], all the double ionization events are taken into
account here. (f) The black dots present the mean of a Gaussian fit to
the zeroth order peak for each cos β in (e) and the error bars indicate
the 95% confidence intervals. The shaded purple region shows the
respective linear fit. The dashed red line is the same as in (d).

finds that the visibility quickly decreases to a relatively low
value, which means that fringes in Psingle are nearly washed
out and experimentally invisible. Furthermore, the center of
the zeroth order interference maximum of Psingle(cos α1) may
also be shifted due to the asymmetric distribution along the
fringe.

To overcome the above problem, one can integrate along
the contour of the collective electron phase �e and thus has

Pcollect(�e) ≡
∫

Pjoint(cos α1, cos α2)δ(�e − pe1R cos α1

− pe2R cos α2) d cos α1d cos α2. (4)

We plot Pcollect(�e) as a function of cos β in Fig. 3(b) at
r = 99%. Obviously, the fringes are more visible than those
in Fig. 2(b). In Fig. 3(c), the two lines near the top show the
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fringe visibility for Pcollect(�e) at β = 0 and π , respectively,
which always keep a relatively large value for all r. Now, one
can search for the position of zeroth order interference maxi-
mum �m as a function of cos β. As can be seen in Fig. 3(d),
our ab initio results perfectly agree with the model prediction
for all the three chosen r. Therefore, the maximum appears
when the collective electron phase �e exactly cancels out the
light phase −kγ R cos β, independent of the energy partition
between the two electrons.

The fact that both electrons emit from the same nucleus
implicitly resolves a tricky problem. If the electrons were
emitted from two different nuclei, the phase of one two-
electron interference channel would be (pe1 · rL + pe2 · rR)
[5]. Accordingly, it would be unclear how to determine the
extra phase shift due to the spatially dependent light field. In
the shake-off picture, one could assign the light phase to the
nucleus from which the fast electron emits. But with a varying
energy partition rate, this assignment becomes ambiguous.
This problem does not arise in the present case of a large
photon as both electrons actually emit from the same nucleus.

From the discussion above, we propose that one can col-
lect all the double ionization events measured in experiments
and plot them as in Fig. 3(b). In doing so, one can improve
the fringe visibility and reduce the statistical fluctuation. Ac-
cordingly, we plot the corresponding experimental data in
Fig. 3(e). Note that these results are generated from the same
experimental dataset as Ref. [9], where further details can be
found. Indeed, we find that the interference patterns are now
much more clear than those in Ref. [9]. The fitted peak posi-
tions are now plotted in Fig. 3(f) as a function of cos β with
smaller error bars and more regular behaviors. Nevertheless,
we find that the experimental measurements still deviate from
the results of the model prediction and our TDSE calculations.

We have considered a further possible reasons for this devi-
ation. One may wonder if the molecular axis measured exper-
imentally really reflects the axis at the moment the ionization
occurs. In the experiment, the molecular axis is determined
by the direction of the relative momentum of the two pro-
tons, with the assumption that the momentum mainly comes
from the Coulomb repulsion with prep ≈ √

mp/R ≈ 36 a.u..
For the double-slit interference considered, electrons ionized
from one nucleus interfere with electrons ionized from the
other one, resulting in a recoil momentum from the electron
of prec ≈ √

2ω ≈ 8 a.u.. There seems to be an unignorable
rotation prec/prep ≈ 0.22 rad to the molecular axis for the case
of α ∼ π/2. By taking the recoil momentum into account,

we treat the nuclear motion quantum mechanically within
the Born-Oppenheimer approximation [17]. However, we do
not find significant differences in the results from the models
with and without consideration of the recoil momentum. One
may interpret it as the cancellation between the two opposite
directions of rotation. The two directions of the rotation do not
provide the which-path-information for the rotational ground
state we consider here [18]. In addition, the temperature of
the gas target is not high enough to excite the molecular to
excited rotational states. At this point, we may assume that the
deviation between experiment and model prediction is mainly
due to a systematic experimental error.

In conclusion, we have investigated the modification of the
double-slit interference in one-photon ionization of H2 due to
a spatially dependent light phase. For the single ionization,
we find excellent agreement between TDSE results and the
simple model prediction of light with spatial phase depen-
dence launching two coherent electron waves near different
nuclei of the molecule. For the double ionization, one has to
integrate along the contour of the collective electron phase to
achieve an agreement between the model prediction and the
TDSE results for all the double ionization events. Otherwise,
if one just integrates over the slow electron, the result will
sensitively depend on the energy partition between the two
electrons. Nevertheless, further investigations are needed to
account for the existing deviation between the theoretical and
experimental results.
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